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ABSTRACT

If the Universe is axion-dominated it may be possible to detect
the axions which comprise the bulk of the mass density of the
Universe. The feasibility of the proposed experiments depends cru-
cially upon knowing the axion mass (or equivalently, the PQ sym-
metry breaking scale) and the local mass density of axions. In an
axion-dominated Universe our galactic halo should be comprised
primarily of axions. We calculate the local halo density to be at
least 5X10°%gem™, and at most a factor of two larger. Unfor-
tunately, it is not possible to pin down the axion mass, even to
within an order of magnitude. In an axion-dominated Universe we
place an upper limit to the axion mass of 2.5X10%eV. We give
precise formulae for the axion mass in an axion-dominated
Universe, and clearly point out all the uncertainties involved in
determining the precise value of the mass.

JE
L 2

Operated by Universitiss Research Association Inc. under contract with the United States Depariment of Energy



Introduction

One of the most pressing issues in cosmology is the nature of the ubiquitous
dark matter which prevades the Universe. In the past few years one of the most
popular and attractive explanations has been that the dark matter is comprised
of a cosmic sea of very weakly-interacting relic particles left over from an early,
very hot epoch of the Universe. Candidate relics include massive neutrinos, pho-
tinos, superheavy monopoles and axions, just to mention a few! Of these many
candidates, axions'® are in many ways the most intriguing possibility. The
energy density in axions corresponds to large-scale, coherent scalar field oscilla-
tions, set into motion by the ipitial misalignment of the field with the minimum
of its potential*®. These axions are very weakly-interacting (and in fact were ori-
ginally dubbed ‘invisible') and very cold {i.e,, v/e << 1). Axions behave as cold
dark matter® and as a result should be found in, and should be the dominant

component of, the halos of spiral galaxies {including our own Galaxy).

Although cosmic axions were originally thought to be so weakly-interacting
as to be invisible and undetectable, Sikivie’ has recently pointed out that they
might be detected by using a very strong, inhomogeneous magnetic field to con-
vert cosmic axions to photons (taking advantage of the axion - photon-photon
coupling through the axial anomaly). The feasibility of this experiment depends
upon a number of factors including the mass density of halo material (presumed
to be axions) in the solar neighborhood and the mass {or equivalently, the PQ

symmetry breaking scale) of these axions. In this brief paper we comment on

both of these issues.



Cosmic Density of Axions

Cosmic axions come into existence as coherent scalar field when the tempera-
ture of the Universe is about a GeV. These oscillations are set into motion by
the initial misalignment of 6, the axion degree of freedom. Initially, when the
Peccei-Quinn (PQ) symmetry is broken (temperature of order f,) ¢ is left under-
termined because the axion is massless. However, at low temperatures (< order
of a GeV) the axion develops a mass due to instanton effects. When the tempera-
ture of the Universe (T =~ T,) is such that the mass of the axion is about 3 times
the expansion rate of the Universe, the coherent field oscillations commence?.
Estimating the energy density in these oscillations depends upon many things
including: f,, the scale of PQ symmetry breaking; #,, the initial misalignment
angle; and the finite-temperature behavior of the axion mass. A careful estimate
of the energy density gives®>!! (for a detailed discussion, see the Appendix)

(%) T41)=1.0X 1024 N, )(N/6)0825(/, /102 Ge W 17537 1AZR], (1)
{£.21.6X 1018217 Ge VIN/B)ASES _
(2,47 T4 1)=3.5 X 10501 [{ N6, )(N/6)!/2(1, /1018 Ge V) 136571, (1b)

(fe2 1.6 X 1018217 Ge VIN/BJAES)
where 2,=p,/p,i=1.884% X 1072 gem™ is the critical density, H=100h km Mpc™!

sec ~! is the present value of the Hubble parameter, 2.7 T, ;K is the temperature
of the microwave background radiation, Agyy 200 MeV is the QCD scale factor,
[ N8,) is a correction factor for anharmonic effects (for N8, <1, f~ 1, see Fig. A2
and the Appendix), N depends upon the PQ charges of the quarks (N=86 in the
simplest models®), and « is the ratio of the entropy per comoving volume now to

that when 7 ~ T|. [Any entropy production since T = T dilutes the energy
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density in axions, which can only be calculated relative to that in photons.
Entropy production could result due to the very out-of-equilibrium decay of a

massive particle species, such as the gravitino® |

The initial misalignment angle ; must be in the interval [-x/N /N as the
axion potential is periodic with period 27/N. Although &, is most likely to be of
order unity, in inflationary models all values of @, occur in some bubble or

1011 1t the Universe never underwent

fluctuation region with finite probability
inflation, or if inflation occured before PQ symmetry breaking, then it is possible
to accurately estimate #,. In that case, at the onset of coherent axion oscilla-
tions, 6, is correlated on the scale of the horizon, but is uncorrelated on larger
scales. All values of 8, in the interval [-m/N,m/N] are equally probable, and so
the RMS value of 6, (which is what is relevant for computing the mean energy
density of axions in the Universe) is just (m/N)/v3. Of course, in the case of

inflation the RMS value of 8), averaged over all bubbles, is also {7/N)/V3. But

since we live in a particular bubble, that fact is of no relevance (see Fig. 1).

The zero-temperature mass of the axion and the PQ symmetry breaking

scale are related by

vz fim,
m,= 1+z f, N=0.48Nf,m./[, (2a)
=3.7(N/6) X 10 V[f,/10'2Ge V) !, (2b)

where z=m_ /m, =~ 0.55.

Bringing together Eqns(1,2) we can solve for the predicted axion mass or

symmetry breaking scale
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(£o/ 102 GeV)=1.0X L0*O35( N/B)07(Q A2/ [ T3 1) 5071 AL, (3a)

(mo/107°eV)==3.7 X 10+°3%( N/6)1 70} *( A%/ /T3 1) 05508, (3b)
(f,<1.6 X 101821 TG VIN/B)AZZD)

(fo/10'8 GeV)=4.3 X 1073097 N/6) 1 /302 2~/ (T8 1230417, (4a)

(m /107" eV)=8.6 X 10% 007 N/8)*/3(02, h~/ [ T8 1) 230113, (4b)

(f,21.6X 1018217 G VI N/6)AES)

Even taking ,=1, and ignoring the dependence of m, on the initial
misalignment angle there is a great deal of leeway; allowing the following uncer-
tainties: 0.4<h<1, 1<7,,<1.1, 1/2<A300<2 and the intrinsic uncertainty in
computing the axion energy density (see Appendix), results in a factor of about 8
uncertainty (either way) in the predicted axion mass. Eqn(3) does not take into
account any systematic uncertainties, for example, in calculating the finite-
temperature axion mass'?, which is crucial for determining T, or axion damping

mechanisms which have been recently discussed (although the damping expected

seems likely to be very small)’3,

In sum, it is probably fair to say that one cannot predict the axion mass to
better than an order of magnitude. To this 1 might add that one can however
place an upper limit to the axion mass in an (?,=1, axion-dominated Universe, by

taking Apge=1/2, Nb,=mn, v=1, k=0.4, T, +=1.1, and (1 =1
m,<1.1x 10742035 (V (4)

Local Mass Density of Axions

Il axions are the dark matter, then they should provide the halo material in
our Galaxy and other spiral galaxies!!. Predicated upon this assumption Sikivie’

has proposed an axion detection scheme which might be capable of detecting the
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local reservoir of axions. The feasibility of his {and other} detection scheme(s)
depends upon the local mass density of axions which should just be the local halo
mass density. As an estimate Sikivie takes

Phaio=10"gem™ (5)
In this section I will derive an estimate for p,,, based upon Bahcall's models!® of

the Galaxy which is about a factor of 2 smaller, and I believe more realistic.

The Galaxy is thought to consist of three components: the disk, the spherical
bulge, and the extended halo (see Fig. 2). The mass density is given by

PTOT=PdisktPbuiget Phalo (6)
The halo is believed to be well represented by an isothermal sphere model

Pradl 1)=po/(P*+d?), (7)
where a is the core radius of the isothermal sphere. [Such models are believed to
describe sell-gravitating systems of non-interacting particles; in particular, they
predict the flat rotation curves, i.e., v,, =~ consten!, that are observed in virtu-

rot —

ally all spiral galaxies ]

Kepler's third law implies that the orbital velocity of a star in a circular
orbit is given by

ror= GMato )+ GMy o 1)+ GM, (1), (8)

where M, (r) is the balo mass interior to the orbital radius r, My (r) is the

bulge mass interior to r, and M, (r) is the equivalent central mass which is

needed to account for the gravitational effect of the disk.

For r>> R the contribution of the bulge and of the disk to the rbhs of Eqn(8)

is negligible, while for r< R, rv, 2 is almost totally accounted for by the disk and
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bulge components. Here R = 9kpc is the distance from our position to the center

of the Galaxy. For reference

1 pe=3.09%10'%¢m
1 My==1.99X10%y

1 Mope® ~6.7x10 3 gem™

In terms of py and a, M, (r) is given by

Myad =47 [ pra,(r)ridr, (9)
=d4mp,r{a/ r)j;r/azzdz/(l+zz),

=dnpyrdr/a).
The integral Jis tabulated in Table 1 for r/e=0.1, 0.3, 1.0, 3.0, 10.0, 30.0, and

100. For r/a<<1, J~(r/a)*/3, and for r/a>>1, J~1. Using the fact that
712,22 GMygy,(7) for r>>R and v,,(r>> R)~220 km sec™!, we can solve for Po

(for a discussion of the rotation curve of the Galaxy see ref. 17)

Po=5.8X10"g em!, (10a)

Pratol R)=T7.5X10"¢ em 3/[1+(a/R)?), (10b)

Myl R)=1.0X 10" Mo AR/ a), - (10¢)

(GMy 1)/ 1] /?=220km sec ' H/2(r/ a), (10d)

Uﬁuo(R)E_[:Pwo[(R?‘i‘22)!/2] dz=1RpyuR)[1+(a/R)"|'/, (10e)
=313Mspc?/[1+(a/R)}/?,

0 hatol B few kpe)=55Mzpc2/[1+({a/R)¥. (10f)

Here 0,,,(R) is the total column density of halo material at our position and
Ohatol R, few kpe) is the column density of halo material within a few kpc of the
plane of the Galaxy at our position. Note that based upon v,,(r>>R) alone, the

local halo density can be at most 7.5X 107 %%¢ em™.

The orbital velocity at our radius is about 240 km sec”!. The Galaxy models
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of Baheall and his collaborators!® indicate that about half the orbital velocity
squared at our position is accounted for by the gravitational effects of the bulge
and disk components. From Eqn(10d) and Table 1 this indicates that R/a must
be about 2, implying that

Phato R)=5X10"Pg em™, (11a)

0 4ol By few kpc)=40Mzpe?. (11b)

Baheall and his collaborators have constructed detailed, three-component
models of our Galaxy. Their models!® indicate that
Phatd R)=6X10"%g em, (11¢)
a local density which is very consistent with my estimate. In addition, Bahcall®
has constructed detailed models of the distribution of matter in the vicinity of
the sun. He uses the observed motions of stars perpendicular to the galactic disk
to determine the total amount of local matter, and obtains

prof R)=0.2Mz pc?=1.2X 107239 em3, (12a)
o rofl R, few kpe)=T0Mzpc?, (12b)

Some of the quantities that he calculates in his models can be determined by
a direct inventory of material in the solar neighborhood. In particular
Dueenl B)=0.095 M5 pc3=6 X 10"24g em™3, (13a)

O eenl R)=30Mpe 2, (13b)

where the ‘seen' component includes all the material that has been detected in
one way or another - stars, gas, dust, etc. Based upon his model of the solar
neighborhood and the local inventory, Bahcall {as well as Oort!® earlier) conclude

that there are equal amounts of seen and unseen material in the solar neighbor-

hood.
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Could this unseen material be halo material? Bahcall (and I believe any rea-
sonable person would) concludes NO. To see how implausible-this hypothesis is,
assume that the local halo mass density were this large and that the halo density
interior to R is constant (i.e., a>> R)--which is a ver.y conservative assumption.

We would then find that due to the halo material alone

[GMy . R}/ R)/?==360km sec’!, (14a)
Opato R, few kpc)=450Mopc?, (14b)
M, 4,=2.7X 10" M, (14c¢)

v;lhich is clearly in conflict with the observational data. [Bahcall has not used his
models of the local neighborhood to place an upper limit on o (R, few kpc); how-
ever, it seems likely that such a large column of material would have a big effect
on the motions of nearby stars perpendicular to the Galactic plane.] In addition,
such a local density of halo material would result in:

v,,dr>> R, ¢)=620(a/R)km sec’!, (15)
(based on the isothermal mode!) - also clearly absurd. Bahcall'® concludes that
the unseen material must be in the form of a dark, disk component. Clearly this
cannot be axions as they have no way to dissipate their gravitational energy,

which they would have to do in order to settle into the disk!®.

All of these estimates for the halo density are predicated on the assumption
that the halo is well described by an isothermal sphere. Our knowledge of the
ellipticity of the halo is poor; however, the few observations®® which bear on this
question seem to indicate that the ratio of minor/major axes is = 0.8. One might
have expected that the presence of the disk would tend to flatten the halo.

Numerical simulations done by Barnes?! indicate that this is likely to be a small
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effect, perhaps causing a spherical halo to be compressed to an elliptical halo with
minor/major axis ratio of 0.8-0.9. If this were the case for the Galaxy, then the

halo density in the Galactic plane might be 20%-40% larger than my estimates.

Based upon my simple analysis of the Galactic rotation curve and Bahcall’s
detailed models of the Galaxy, one would conclude that the local mass density of
halo material must be at least

Pratd R)=5X10"%g em™, (16)
in order to support the observed rotational velocities at ¥>>R. If /R is < <1,

il v,,, is -significantly larger than 220 km sec™’

, or if the halo is highly non-
spherical, then the local density could be a factor of 2 or so higher. My estimate

is about a factor of 2 smaller than Sikivie’s estimate’.
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Table 1 - Numerical Evaluation of
1= (a/r)j;d.z"’dz/(l+12]

I r/a J J
0.1 0.00331 0.0575
0.3 0.0285 0.169
1.0 0.215 0.464
3.0 0.584 0.764
10.0 0.853 0.924
30.0 0.949 0.974
100 0.984 0.992
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Appendix

In this Appendix, I briefly outline how the formulae for the present axion
density, Eqns(1a, b), are obtained. While this is basically a review of refs. 4, 5,
and 11, I will pay particular attention to the uncertainties in the calculation.
This Appendix is meant to subsume all the above references; in the process I have

corrected errors and have been as accurate as possible.

The equation of motion for the axion degree of freedom @ is
0+ 3H0+ V' (6) =0 (Al)
where for small 8, V' (6)~m?6--this is the usual assumption which is made, and
for the moment I will take V' to be m24. At early times, when the axion mass is

much less than 3H--corresponding to temperatures much greater than Ageps the
solution to Eqn(Al) is

f =~ consi=4,.

When the axion mass is much greater than 3H, 6 oscillates with angular fre-

quency my(T), and the axion energy density,

1 +
= LI,
evolves as
p R/ m =const. (A2)
[I refer the reader to refs. 4, 5, and 22 for further details about the solution to

Eqn{A1} ]

It is also usually assumed that Eqn(A2) is valid for T<T), where 7T} is

defined by
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m T))=3H(T)).
Making this assumption and taking 6 to be equal to 8, at T=T), it then follows

that

1
po=5 md TI)mBL R/ R)- (A3)
where R, is the value of the cosmic scale factor when T=T,.
I have integrated Eqn(Al) numerically, assuming that around T=T7, the
axion mass varies as T-™. 1 find that Eqns(A2, 3) are not exactly correct, rather,

for T<< T},

: 1
PG=CIX lEma( Tl)mag%faz(Rl/R)al
where ¢f is a correction factor which depends upon m and is plotted in Fig. Al

My pumerical results for cf are well fit by

¢f=0.4440.25m.

I should emphasize that only the behavior of the axion mass for T == T is cru-
cial for determining the correction factor c¢f. For T<<T,, corresponding to

m,>>3H, Eqn{A2) is a very good approximation.

In order to find the average energy density in axions one would simply
replace 67 by <#>. Assuming that all values of 6, are equally probable,
< 67> =(n/ N)*[3=01pps.

Let’s return to the approximation V' ~m26. This approximation is only
valid for small 8, however, to find the average energy density we must average
over all values of 6. Note, N ppe=n/V3>1. One might expect V to be

a 1-cos(N6), in which case V' (f) o sin(/N8) (see rel. 12). I have integrated

Eqn{Al) using
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W (8)=m TY’sin(N§)/ N.

Due to anharmonic effects the energy density obtained using this form for V' is
larger than that obtained using V' ~m?0, by a &dependenf factor ANY), which is
plotted in Fig. A2. The primary effect here is that for 8> 1, sinf is flatter than 8
and so the axion oscillations commence later. Taking into account these anhar-
monic effects the average energy density is obtained by using a value of 6 in

Eqn(A3) equal to
ff>=-—f trz}[u)dtl/]\f2
For m==0-8, <8%;>2=(1.9-2.4)03pp=(7/ N)2/(1.2-1.6).

Assuming that the expansion has been adiabatic since T=T,, the entropy

per comoving volume, S a Rs, remains constant, so that

(Ry/Rp= ) (Ada)
94 Tl)T’
If the entropy per comoving has increased since that epoch, then
45 . s/y
(R/RpP= Adb
(Ri/Ry'= 2n2)g,(T1):r" (Adb)

where y=_3today)/S{ T="T)) and s is the entropy density: s=(272/45)¢,T%. Dur-
ing the epoch when the axion field begins to oscillate the Universe is radiation-
dominated and

H=1.669{T7)"/2T%/m,. (A5)

As usual g [T) counts the total number of effective relativistic degrees of freedom:

9=y, 9g+(7/8) ¥ gr.

Bore Fermi

For the temperatures of interest g{7) and the (known) relativistic species are
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giT>5GeV)>86.25 wu,d ¢ 8 b e p, 1300 8G,
gdT>2CeVI>T75.75 u, d ¢, 8 ¢, u, 7, 307 8G, ~
gdT>Apcp) 26175  u, d, s ¢, p; 3UT; 8G, 4
gd T>100MeV) >17.25 %, 7% ¢, u; 3uT;

gL T>1MeVI>1075 ¢ 3uT; ~

Using Eqns(A4,5) the axion energy density to entropy density ratio can be
written as

pof =570 T))m f6}/ Tymy,. {AS)

The present axion energy density is then obtained by multiplying this by the

present entropy density

sTopay = 1.7T® = 7.04n_ =~ 280973, em™

In order to evaluate this expression for the axion energy density, T; must be
determined. T, depends upon the finite temperature behavior of the axion mass.
Recall that the axion mass arises due to instanton effects. Gross, Pisarski, and
Yaffe!? have calculated these effects using the dilute instanton gas approximation.
In the high temperature limit, T>>AQCD, the axion mass is given by an integral

over instantons of all sizes {¢f., Eqn(6.15) in ref. 12):

a ,Nquiml'..me
e A (AT)
I= o.130078(&:”-vi)85”r‘ f0°°uﬁ+Nf/3[1n( T/vA)|%*X exp|fiv)|dv, (AR)
fly) = —ﬂgv"’(2+N}/3)+(3/2—fv}/6)[ln(l+1r2v2/3)—12a(1+6/7r3/2v3/2)‘8], (A9)

where  £=133876, =0.01289764, §=0.15858, a=(153—19/\})/(33—2!\'}),
A=A gop=A000200MeV, and N, is the number of light quark flavors, i.e., with

mass < T. Since the temperatures of interest span the range from a few 100
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MeV to many GeV, it is not clear what number should be chosen for N;-- 2, 3, 4,
or 5. Eqn(AT7) has been numerically evaluated for N=1 - 6, and can be written
in the following form:

my{ T)/ my=aAoo(A/ T)[1-1n(A/ TV}, (A10)

where
a b c d
Nf = 1 0.277 3/2 367 084
| 2 00349 1 3.83 1.02
3 00256 1/2 40  1.22
4 00421 O 4.17 1.46

5 0118 -1/2 433 1.74

6 0974 -1 4.5 2.07

The {In{ T/vA)|% ¢ factor has been taken out of the integrand and evaluated at the
value of v where most of the contribution to the integral I arises--
v 1~re==2.7182818.... The error made in doing this is typically less than 10%.
The finite temperature axion mass calculated from Eqn(A10) is shown in Fig. A3
for N=2, 3, 4, 5. That In[eT/A] vanishes for T=A/e and then becomes negative
is indicative of the fact that the dilute instanton gas approximation is a high-

temperature approximation which breaks down at Jow temperatures. The power

law forms

my( T)/m,=0.3(A/ T)**, 0.02(A/ T)**
span the spread of the calculated axion masses for N=2, 3, 4, and 5. Based

upon that, I will take the finite temperature axion mass to be
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ma( T')/m,,z'fTX lo-QtO.G(A/ T’)3.7i0.l‘ (All)

Using this formula it is straightforward to solve for Ty:

Ty=1.2 X 102015 Ge V N/6)0- 179200031 /1012 G )-0.1750.0034 0.7

(£,<1.6X 108217 G VI N/B)ASSS) {Al2a)
Ty=1.6X 10714003 e VIN/6)/%(f,/ 108 Ge V)12,
(7,2 1.6 X 101817 Ge VI N/6)AZES) (A12b)

where [ have propagated the uncertainties in all quantities—g( 7)), m(7), etc.,
and the '+ factors’ in the exponents are meant to be an estimate of the known
uncertainty in the quantity calculated. For f,>1.6%X10'8Ge VIN/O)AZES, T,
occurs at a value less than that where the extrapolated power law exceeds the

zero temperature mass (in which case the zero temperature mass has been used).

Bringing everything together we obtain

(Q hz/ T27)_1 0% lo;to ‘ﬂNG )(N/6)° 825+0. 003({0/1012Gev)1 17540, 00392A-07 —]’

(£,.<1.6X 10317 Qe VIN/B)ASES) (A13a)
(Q A%/ ToP)=3.5 X 10°£0- L NB, ) N/6)'/3(£,/ 1018 Ge V) 263,
(f,21.6% 101817 Ge VIN/B)ASES (A13b)

where the estimated uncertainties, a factor of about 3 for f,<1.6X 10" GeV and a
factor of about 1.3 for f,>1.6X10'8GeV, have been obtained by merely propagat-
ing the uncertainties discussed above. In addition, the correction factor to
Eqn{A3) discussed above has also been included--a factor of 1.37 for Eqn{Al13a)
and a factor of 0.44 for Eqn(A13b). The factor ANS,) is the correction factor for
anharmonic effects (see Fig. A2). I caution to add that there may be other sys-
tematic effects which modify Eqn(A13), such as additional particle species (which
increase ¢,), errors associated with the dilute instanton gas approximation, the

effect of the higher momentum modes on the evolution of the zero momentum
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mode considered here, additional anharmonic effects?® and the possible effect of
the chiral symmetry breaking transition on the evolution of m(7) (refs. 13 and
23), all of which, of course, have not been included in my estimates of the uncer-
tainty of Eqn{A13).

Finally, if we take fN§,)03==(n/N)*/1.5--the value which results from
and using Vip) = (ma AIsin(NO),
averaging over all initial angles 0{,‘ we obtain

(Qh°/ Tir)=1.8X 107 04 N/B) 1 15(1,/10'2 Ge V) 17303 1,

The values of f, and m, corresponding to the axion-dominated, £2,=1 Universe

are
J=4.3X 1077201 Ge VIN/B)(K4/ T3 1) BA%%, (Al4)
m,=8.3X 1082034, V[ p2/ T§ ;) 0857;05, (A15)

The age of the Universe (210 Byr) and £>0.4 imply that (02,4%/ T;3;) must be
less than about 1 which leads to the bound:

(fof N)0.7 X 10122034 G VP800 (A16)
Again, let me emphasize that Eqns(Al14-16) were derived assuming that
ANG,)6i=(r/N)*/1.5, which is an unfounded assumption in an axion-dominated,

inflationary Universe.
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Figure Captions

Figure 1
Distribution of initial misalignment angles, 8, in a Universe which inflates
after or during PQ symmetry breaking. Each circle depotes a bubble or
fluctuation region. The values of #; were selected at random from the inter-
val [0, 7/6| --corresponding to N=6; the RMS value of 6, for the sample is
0.306 (compared to the expected RMS value of 0.3023). In such a Universe

the RMS value of 8, has little relevance for us, as we reside within a single

bubble or fluctuation region.

Figure 2

Schematic view (edge on) of the three compopents of our Galaxy, and our

position in the Galaxy.

Figure Al

The correction factor ¢f, as a function of m, where m parameterizes the tem-
perature dependence of the axion mass: m (T) o T-™. Error bars denote the
accuracy of the numerical integration. The line ¢f=0.44+0.25m is a very

good fit to the numerical results.

Figure A2

The correction factor due to anharmonic effects, f{N@), as a function of N8,
for m=0. 4, and 8. This correction factor is just the ratio of the axion

energy density obtained by using V' (8)=(m%/N)sin(N8), to that obtained
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using the linearized form V' (6)=m2d. As expected, for small N8, f~1. For
Nf— 1, ANG)—o00; this occurs because for N0=n the axion field just sits at
the maximum of the potential {where V¥ =0).

Figure A3
Finite-temperature axion mass divided by the zero-temperature mass,
m,(T)/m,, calculated in the dilute instanton gas approximation for Ne=2, 3,
4, 5 light quark flavors. The calculation is only valid in the high tempera-
ture limit T>>A, and due to the [in(e T/A)|? factor in m(T), m(T) actually
vanishes for T=A/e ~ 0.37A. The power laws, 0.02(A/ 7)*% and 0.3(A/ T)*%,

nicely bracket the spread in m,(7)/m, for N=2-5.
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